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EVEN DIMENSIONAL MANIFOLDS AND GENERALIZED
ANOMALY CANCELLATION FORMULAS
FEI HAN AND XIAOLING HUANG
Abstract. We give a direct proof of a cancellation formula raised in [7] on
the level of differential forms. We also obtain more cancellation formulas for
even dimensional Riemannian manifolds with a complex line bundle involved.
Relations among these cancellation formulas are discussed.
1. Introduction
In 1983, the physicists Alvarez-Gaume´ and Witten [1] discovered the ”mirac-
ulous cancellation” formula for gravitational anomaly which reveals a beautiful
relation between the top components of the Hirzebruch L̂-form and Â-form of a
12-dimensional smooth Riemannian manifold M as follows,
(1.1){
L̂(TM,∇TM )
}(12)
=
{
8Â(TM,∇TM )ch(TCM,∇TCM )− 32Â(TM,∇TM )
}(12)
,
where TCM denotes the complexification of TM and ∇TCM is canonically induced
from ∇TM , the Levi-Civita connection associated to the Riemannian structure of
M.
Kefeng Liu [10] established higher dimensional “miraculous cancellation” formu-
las for (8k + 4)-dimensional Riemannian manifolds by developing modular invari-
ance properties of characteristic forms. In [10], he proved that for each (8k + 4)-
dimensional smooth Riemannian manifold M the following identity holds,
(1.2)
{
L̂(TM,∇TM )
}(8k+4)
= 8
k∑
j=0
26k−6j
{
Â(TM,∇TM )chbj
}(8k+4)
,
where the bj ’s are elements in KO(M) ⊗ C. Liu’s formula refines the argument
of Landweber [9] to the level of differential forms and is a higher dimensional
generalization of (1.1). One can also use (1.2) to deduce the Ochanine divis-
ibility [12] from the Atiyah-Hirzebruch divisibility [3] for (8k + 4)-dimensional
smooth closed spin manifolds. In fact, the Atiyah-Hirzebruch divisibility guarantees
that 〈Â(TM,∇TM )ch(E ⊗ C), [M ]〉 is even when M is a smooth closed (8k + 4)-
dimensional spin manifold and E is a real vector bundle on M . Thus (1.2) implies
the signature of M is divisible by 16. This is just the Ochanine divisibility, which
generalizes the famous Rokhlin divisibility for spin 4-manifolds (when k = 0).
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In [6, 7], for each (8k+4)-dimensional smooth Riemannian manifold M , a more
general cancellation formula that involves a complex line bundle on M is estab-
lished. To be precise, the authors proved that for each (8k+4)-dimensional smooth
Riemannian manifold M and a complex line bundle ξ on M , or equivalently a rank
2 real oriented bundle on M , the following identity holds,
(1.3){
L̂(TM,∇TM )
cosh2
(
e
2
) }(8k+4) = 8 k∑
j=0
26k−6j
{
Â(TM,∇TM )chb′j cosh
(e
2
)}(8k+4)
,
where the b′js are elements inKO(M)⊗C, dependent on (M,∇TM ) and (ξ,∇ξ); e =
e(ξ,∇ξ) is the Euler form of (ξ,∇ξ). Putting k = 1 in(1.3), one has
(1.4){
L̂(TM,∇TM )
cosh2( c2 )
}(12)
=
{[
8Â(TM,∇TM )ch(T
C
M,∇TCM )− 32Â(TM,∇TM )
−24 Â(TM,∇TM ) (ec + e−c − 2)] cosh( c
2
)}(12)
.
This is a twisted version of the original miraculous cancellation formula (1.1). When
formula (1.3) is applied to spinc manifolds, the authors are led directly to a refined
version of [11, Theorem 4.2], which is a beautiful analytic version of the Ochanine
congruence formula [12].
In [7], to obtain a direct proof of [11, Theorem 4.1], an analytic version of the
Finashin congruence formula [5], the authors applied the following identity,
1
8
∫
B
L̂(TB,∇TB) sinh
(
e
2
)
cosh
(
e
2
)
=
k∑
r=0
26k−6r
∫
B
Â(TB,∇TB)
(
ch(br(TCB +NC,C
2))
− cosh
(e
2
)
ch(br(TCB +NC, NC))
) 1
2 sinh
(
e
2
) ,
(1.5)
where (B,∇TB) is an (8k+2)-dimensional smooth Riemannian manifold, (N,∇N )
is a rank two real oriented Euclidean vector bundle on B and e = e(N,∇N ) is the
associated Euler form of (N,∇N ). This identity is very crucial in their proof and
they proved it by using the cobordism argument. They also pointed out that (1.5)
can be refined to the level of differential forms and one should be able to prove this
directly by still using the modular invariance method without passing to the cobor-
dism argument. One of the purposes of this article is to refine (1.5) to the level
of differential forms (Theorem 3.1) and give such a direct proof. We also obtain a
analogous formula for (8k + 6) dimensional Riemannian manifold (Theorem 3.2).
One can view Theorem 3.1 and Theorem 3.2 as generalized miraculous cancella-
tion formulas on (8k + 2) and (8k + 6) dimensional smooth Riemannian manifolds
respectively.
With a twisting complex line bundle, we also obtain a unified cancellation for-
mula (Theorem 3.3) for each even dimensional smooth Riemannian manifold via
the same argument. When the manifold is of dimension (8k + 4) and the bundle
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is trivial, our cancellation formula becomes Liu’s cancellation formula (1.2). This
unified formula is still a product of the modular invariance method developed in
[10]. Finally, on the level of characteristic numbers, we discuss relations among
cancellation formulas on manifolds of different dimensions by applying the method
of integration along the fibre.
2. Modular invariance and characteristic forms
The purpose of this section is to review the necessary knowledge on character-
istic forms and modular forms that we are going to use. We also briefly review
cancellation formulas obtained in [10] and [6, 7].
2.1. Characteristic forms. Let M be an even-dimensional smooth Riemanniann
manifold. Let ∇TM be the associated Levi-Civita connection and RTM = (∇TM )2
be the curvature of ∇TM . Let Â(TM,∇TM ), L̂(TM,∇TM ) be the Hirzebruch
characteristic forms defined respectively by (cf. [15])
Â(TM,∇TM ) = det1/2
 √−14pi RTM
sinh
(√
−1
4pi R
TM
)
 ,
L̂(TM,∇TM ) = det1/2
 √−12pi RTM
tanh
(√
−1
4pi R
TM
)
 .
(2.1)
Let E, F be two Hermitian vector bundles over M carrying Hermitian connec-
tions ∇E , ∇F respectively. Let RE = (∇E)2 (resp. RF = (∇F )2) be the curvature
of ∇E (resp. ∇F ). If we set the formal difference G = E − F , then G carries an
induced Hermitian connection ∇G in an obvious sense. We define the associated
Chern character form as (cf. [15])
(2.2) ch(G,∇G) = tr
[
exp
(√−1
2pi
RE
)]
− tr
[
exp
(√−1
2pi
RF
)]
.
In the rest of this paper, for simplicity, when there are no confusion about the
Hermitian connection ∇E on a Hermitian vector bundle E, we will only write ch(E)
for the associated Chern character form.
For any complex number t, let
Λt(E) = C|M + tE + t2Λ2(E) + · · · , St(E) = C|M + tE + t2S2(E) + · · ·
denote respectively the total exterior and symmetric powers of E, which live in
K(M)[[t]]. The following relations between these two operations [2, Chap. 3] hold,
(2.3) St(E) =
1
Λ−t(E)
, Λt(E − F ) = Λt(E)
Λt(F )
.
Moreover, if {ωi}, {ωj ′} are formal Chern roots for Hermitian vector bundles E, F
respectively, then [8, Chap. 1]
(2.4) ch(Λt(E)) =
∏
i
(1 + eωit).
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Therefore, we have the following formulas for Chern character forms,
(2.5) ch(St(E)) =
1
ch(Λ−t(E))
=
1∏
i
(1− eωit) ,
(2.6) ch(Λt(E − F )) = ch(Λt(E))
ch(Λt(F ))
=
∏
i
(1 + eωit)∏
j
(1 + eωj
′
t)
.
If W is a real Euclidean vector bundle over M carrying a Euclidean connection
∇W , its complexification WC =W ⊗C is a complex vector bundle overM carrying
a canonically induced Hermitian metric from the Euclidean metric of W as well as
a Hermitian connection ∇WC induced from ∇W .
2.2. Results needed on the Jacobi theta functions and modular forms.
The four Jacobi theta functions are defined as follows (cf. [4]):
(2.7) θ(v, τ) = 2q1/8 sin(piv)
∞∏
j=1
[
(1− qj)(1 − e2pi
√
−1vqj)(1 − e−2pi
√
−1vqj)
]
,
(2.8) θ1(v, τ) = 2q
1/8 cos(piv)
∞∏
j=1
[
(1− qj)(1 + e2pi
√
−1vqj)(1 + e−2pi
√
−1vqj)
]
,
(2.9) θ2(v, τ) =
∞∏
j=1
[
(1− qj)(1− e2pi
√
−1vqj−1/2)(1 − e−2pi
√
−1vqj−1/2)
]
,
(2.10) θ3(v, τ) =
∞∏
j=1
[
(1 − qj)(1 + e2pi
√
−1vqj−1/2)(1 + e−2pi
√
−1vqj−1/2)
]
,
where q = e2pi
√
−1τ with τ ∈ H, the upper half complex plane.
Let
(2.11) θ′(0, τ) =
∂θ(v, τ)
∂v
∣∣∣∣
v=0
.
Then the following Jacobi identity (cf. [4]) holds,
(2.12) θ′(0, τ) = pi θ1(0, τ)θ2(0, τ)θ3(0, τ) .
Denote SL2(Z) =
{(
a b
c d
) ∣∣∣∣ a, b, c, d ∈ Z, ad− bc = 1} the modular group.
Let S =
(
0 −1
1 0
)
, T =
(
1 1
0 1
)
be the two generators of SL2(Z). They act
on H by Sτ = −1/τ , Tτ = τ + 1. One has the following transformation laws of
theta functions under the actions of S and T (cf. [4]):
(2.13)
θ(v, τ + 1) = e
pi
√−1
4 θ(v, τ), θ (v,−1/τ) = 1√−1
(
τ√−1
)1/2
epi
√
−1τv2θ (τv, τ) ;
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(2.14)
θ1(v, τ + 1) = e
pi
√−1
4 θ1(v, τ), θ1 (v,−1/τ) =
(
τ√−1
)1/2
epi
√
−1τv2θ2(τv, τ) ;
(2.15) θ2(v, τ + 1) = θ3(v, τ), θ2 (v,−1/τ) =
(
τ√−1
)1/2
epi
√
−1τv2θ1(τv, τ) ;
(2.16) θ3(v, τ + 1) = θ2(v, τ), θ3 (v,−1/τ) =
(
τ√−1
)1/2
epi
√
−1τv2θ3(τv, τ) ;
(2.17) θ′(0, τ + 1) = e
pi
√−1
4 θ′(0, τ), θ′(0,− 1
τ
) =
1√−1τ
3/2θ′(0, τ).
Definition 2.1. A modular form over Γ, a subgroup of SL2(Z), is a holomorphic
function f(τ) on H ∪ {∞} such that
(2.18) f(gτ) := f
(
aτ + b
cτ + d
)
= χ(g)(cτ + d)kf(τ), ∀ g =
(
a b
c d
)
∈ Γ,
where χ : Γ→ C∗ is a character of Γ. k is called the weight of f .
Denote by θj = θj(0, τ), 1 ≤ j ≤ 3, and define
(2.19) δ1(τ) =
1
8
(θ42 + θ
4
3), ε1(τ) =
1
16
θ42θ
4
3 ,
(2.20) δ2(τ) = −1
8
(θ41 + θ
4
3), ε2(τ) =
1
16
θ41θ
4
3 .
They admit Fourier expansion (cf. [9])
(2.21) δ1(τ) =
1
4
+ 6q + · · · , ε1(τ) = 1
16
− q + · · · ,
(2.22) δ2(τ) = −1
8
− 3q1/2 + · · · , ε2(τ) = q1/2 + · · · ,
where the “· · · ” terms are higher degree terms all having integral coefficients. They
also satisfy the following transformation laws under S (cf. [9] and [10]),
(2.23) δ2(−1/τ) = τ2δ1(τ), ε2(−1/τ) = τ4ε1(τ).
Let Γ0(2), Γ
0(2) be the two subgroups of SL2(Z) defined by
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ c ≡ 0 mod 2Z} ,
Γ0(2) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ b ≡ 0 mod 2Z} .
Then T, ST 2ST are the two generators of Γ0(2), while STS, T
2STS are the two
generators of Γ0(2).
The following weaker version of [10, Lemma 2] will be used in the next section.
Lemma 2.1. One has that δ2 (resp. ε2) is a modular form of weight 2 (resp. 4)
over Γ0(2). Furthermore, MR(Γ0(2)) = R[δ2(τ), ε2(τ)], where MR(Γ) denote the
ring of modular forms over Γ with real Fourier coefficients.
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2.3. Cancellation formulas for (8k + 4)-dimensional Riemannian manifolds.
Let M be an (8k + 4)-dimensional smooth Riemannian manifold with Levi-Civita
connection ∇TM . Let ∇TCM be the canonically induced Hermitian connection on
TCM = TM ⊗ C. Let V be a rank 2l Euclidean vector bundle over M carrying a
Euclidean connection ∇V . Let ξ be a rank two oriented Euclidean vector bundle
carrying a Euclidean connection ∇ξ. Let ∇ξC be the canonically induced Hermitian
connection on ξC = ξ⊗C. Let c = e(ξ,∇ξ) be the Euler form of ξ canonically asso-
ciated to ∇ξ. IfW is a complex vector bundle overM , denote W˜ =W −CdimCW |M
in K(M).
Using the same notations as in Section 2.1, we construct two formal power series
in q1/2 with coefficients in the semi-group generated by complex vector bundles
over M , which are introduced in [6, 7] to prove Theorem 2.1 in this text,
Θ1(TCM,VC, ξC) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λqm(V˜C − 2ξ˜C)
⊗
∞⊗
r=1
Λ
qr−
1
2
(ξ˜C)⊗
∞⊗
s=1
Λ−qs−
1
2
(ξ˜C),
(2.24)
Θ2(TCM,VC, ξC) =
∞⊗
n=1
Sqn(T˜CM)⊗
∞⊗
m=1
Λ−qm−
1
2
(V˜C − 2ξ˜C)
⊗
∞⊗
r=1
Λ
qr−
1
2
(ξ˜C)⊗
∞⊗
s=1
Λqs(ξ˜C).
(2.25)
Θ1(TCM,VC, ξC) and Θ2(TCM,VC, ξC) admit formal Fourier expansion in q
1/2 as
(2.26) Θ1(TCM,VC, ξC) = A0(TCM,VC, ξC) +A1(TCM,VC, ξC)q
1/2 + · · · ,
(2.27) Θ2(TCM,VC, ξC) = B0(TCM,VC, ξC) +B1(TCM,VC, ξC)q
1/2 + · · · ,
where the Aj ’s and Bj ’s are elements in the semi-group formally generated by Her-
mitian vector bundles overM . Moreover, they carry canonically induced Hermitian
connections denoted by ∇Aj and ∇Bj respectively, and ∇Θi(M,V,ξ) are the induced
Hermitian connections with q1/2-coefficients on Θi from the ∇Aj and ∇Bj .
Now, we can state a cancellation formula, which is obtained in [6, 7].
Theorem 2.1 (Han-Zhang, 2003). If the equality for the first Pontrjagin forms
p1(TM,∇TM ) = p1(V,∇V ) holds, then one has an equality for (8k + 4)-forms,
(2.28)
 Â(TM,∇
TM )det1/2
(
2 cosh
(√
−1
4pi R
V
))
cosh2( e2 )

(8k+4)
= 2l+2k+1
k∑
r=0
2−6r
{
Â(TM,∇TM )ch(br(TCM,VC, ξC)) cosh
(e
2
)}(8k+4)
,
where each br(TCM,VC, ξC), 0 ≤ r ≤ k, is a canonical integral linear combination
of Bj(TCM,VC, ξC), 0 ≤ j ≤ r.
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From now on, denote Θi(TCM,TCM, ξC) as Θi(TCM, ξC) and br(TCM,TCM, ξC)
as br(TCM, ξC).
Taking V = TM in (2.28), we have
Corollary 2.1. The following identity of characteristic forms holds,
(2.29)
{
L̂(TM,∇TM )
cosh2
(
e
2
) }(8k+4)
= 8
k∑
r=0
26k−6r
{
Â(TM,∇TM )ch(br(TCM, ξC)) cosh
(e
2
)}(8k+4)
.
Moreover, taking ξ = R2 in (2.29), we have
Corollary 2.2. The following identity of characteristic forms holds,
(2.30)
{
L̂(TM,∇TM )
}(8k+4)
= 8
k∑
r=0
26k−6r
{
Â(TM,∇TM )ch(br(TCM,C2))
}(8k+4)
.
(2.30) is exactly the cancellation formula obtained in [10].
3. Cancellation formulas for even dimensional Riemannian manifolds
Let B be an (8k + 2)-dimensional smooth oriented Riemannian manifold with
Levi-Civita connection ∇TB. let pi : N → B be a rank two real oriented Euclidean
vector bundle over B carrying the Euclidean connection ∇N . Let RN = (∇N )2 be
the curvature of ∇N and e = e(N,∇N ) be the Euler form of (N,∇N ). Then we
have the following cancellation formula for characteristic numbers
1
8
∫
B
L̂(TB,∇TB) sinh
(
e
2
)
cosh
(
e
2
)
=
k∑
r=0
26k−6r
∫
B
Â(TB,∇TB)
(
ch(br(TCB +NC,C
2))
− cosh
(e
2
)
ch(br(TCB +NC, NC))
) 1
2 sinh
(
e
2
) ,
(3.1)
which is applied in [7] to give the analytic Finashin congruence [11] a direct analytic
proof via a beautiful Rokhlin type congruence formula obtained in [14]. In fact,
formula (3.1) holds on the level of differential forms. In §3.1 we prove the form-level
version of (3.1) directly by applying the modular invariance argument. Also in this
subsection, we give the (8k + 6)-dimensional analogue without proof.
In §3.2, for all even dimensional smooth Riemannian manifolds, we obtain a
general type of cancellation formulas, which imply Liu’s formula (2.30) as a special
case.
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3.1. The direct proof for the form-level version of (3.1). We make the same
assumptions and use the same notations as in §2.3. Define
Θ1(TCB +NC, NC) =
∞⊗
n=1
Sqn( ˜TCB +NC)⊗
∞⊗
m=1
Λqm( ˜TCB +NC − 2N˜C)
⊗
∞⊗
r=1
Λ
q(r−
1
2
)(N˜C)⊗
∞⊗
s=1
Λ−q(s−
1
2
)(N˜C),
(3.2)
Θ2(TCB +NC, NC) =
∞⊗
n=1
Sqn( ˜TCB +NC)⊗
∞⊗
m=1
Λ−q(m−
1
2
)( ˜TCB +NC − 2N˜C)
⊗
∞⊗
r=1
Λ
q(r−
1
2
)(N˜C)⊗
∞⊗
s=1
Λqs(N˜C).
(3.3)
and denote Ai(TCB+NC, NC) and Bi(TCB+NC, NC) the coefficients in their Fourier
expansions respectively. Then we have the following equality for (8k + 2)-forms
associated to B and N .
Theorem 3.1. The following identity holds,
(3.4)
{
L̂(TB,∇TB) sinh
(
e
2
)
cosh
(
e
2
)}(8k+2) = 8 k∑
r=0
26k−6rhr,
where each hr, 0 ≤ r ≤ k, is a canonical integral linear combination of the charac-
teristic forms{
Â(TB,∇TB)ch
(
Bj(TCB +NC,C
2)
)− cosh ( e2) ch (Bj(TCB +NC, NC))
2 sinh
(
e
2
) }(8k+2) ,
0 ≤ j ≤ r. Actually, hr is just{
Â(TB,∇TB)ch
(
br(TCB +NC,C
2)
)− cosh ( e2) ch (br(TCB +NC, NC))
2 sinh
(
e
2
) }(8k+2) .
Proof. As in [10], we use the formal Chern roots {±2pi√−1xj} for (TCB,∇TCB)
Let e = 2pi
√−1u, q = e2pi
√
−1τ with τ ∈ H, the upper half complex plane. Set
Q1(τ) =L̂(TB,∇TB)
cosh
(
e
2
)
sinh
(
e
2
)
·
(
ch
(
Θ1(TCB +NC,C
2)
)− ch (Θ1(TCB +NC, NC))
cosh2
(
e
2
) )
=24k+1
4k+1∏
j=1
pixj
sin(pixj)
4k+1∏
j=1
cos(pixj)
 cos(piu)
sin(piu)
·
(
ch
(
Θ1(TCB +NC,C
2)
)− ch (Θ1(TCB +NC, NC))
cos2 (piu)
)
,
(3.5)
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Q2(τ) =Â(TB,∇TB) 1
2 sinh
(
e
2
)(ch (Θ2(TCB +NC,C2))
− cosh
(e
2
)
ch (Θ2(TCB +NC, NC)
)
=
4k+1∏
j=1
pixj
sin(pixj)
 1
2 sin(piu)
(
ch
(
Θ2(TCB +NC,C
2
))
− cos(piu)ch (Θ2(TCB +NC, NC))).
(3.6)
We can actually write Q1(τ) and Q2(τ) in terms of the Jacobi theta-functions
as
Q1(τ) =2
4k+1
4k+1∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ1(xj , τ)
θ1(0, τ)
 θ′(0, τ)
θ(u, τ)
·
(
θ1(u, τ)
θ1(0, τ)
− θ1(0, τ)
θ1(u, τ)
θ3(u, τ)
θ3(0, τ)
θ2(u, τ)
θ2(0, τ)
)(3.7)
and
Q2(τ) =
1
2
4k+1∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ2(xj , τ)
θ2(0, τ)
 θ′(0, τ)
θ(u, τ)
·
(
θ2(u, τ)
θ2(0, τ)
− θ2(0, τ)
θ2(u, τ)
θ3(u, τ)
θ3(0, τ)
θ1(u, τ)
θ1(0, τ)
)(3.8)
In fact, by (3.2), (2.5) and (2.6),
(3.9) ch (Θ1(TCB +NC, NC)) =
∞∏
n=1
chΛ−qn(C8k+2)
chΛ−qn(TCB)
∞∏
n=1
chΛ−qn(C2)
chΛ−qn(NC)
·
∞∏
m=1
chΛqm(TCB)
chΛqm(C8k+2)
∞∏
m=1
chΛqm(C
2)
chΛqm(NC)
∞∏
r=1
chΛ
q(r−
1
2
)(NC)
chΛ
q(r−
1
2
)(C2)
∞∏
s=1
chΛ−q(s−
1
2
)(NC)
chΛ−q(s−
1
2
)(C2)
.
From (2.4), the Jacobi identity (2.12) and (2.7), one deduces directly that
(3.10)
4k+1∏
j=1
pixj
sin(pixj)
∞∏
n=1
chΛ−qn
(
C8k+2
)
chΛ−qn(TCB)
=
4k+1∏
j=1
xj
piθ1(0, τ)θ2(0, τ)θ3(0, τ)
θ(xj , τ)
=
4k+1∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
.
Similarly, from (2.4) and (2.7)-(2.10), one deduces that
(3.11)
4k+1∏
j=1
cos(pixj)
∞∏
m=1
chΛqm(TCB)
chΛqm(C8k+2)
=
4k+1∏
j=1
θ1(xj , τ)
θ1(0, τ)
,
∞∏
r=1
chΛ
q(r−
1
2 )
(NC)
chΛ
q(r−
1
2
)(C2)
=
θ3(u, τ)
θ(0, τ)
,
1
sin (piu)
∞∏
n=1
chΛ−qn(C2)
chΛ−qn(NC)
=
θ′(0, τ)
θ(u, τ)
,
1
cos (piu)
∞∏
m=1
chΛqm(C
2)
chΛqm(NC)
=
θ1(0, τ)
θ1(u, τ)
,
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∞∏
r=1
chΛ−q(r−1/2)(NC)
chΛ−q(r−1/2)(C2)
=
θ1(u, τ)
θ1(0, τ)
.
Putting (3.5) and (3.9)-(3.11) together, we get(3.7). By doing similar computations,
one also gets (3.8).
Let P1(τ) = {Q1(τ)}(8k+2), P2(τ) = {Q2(τ)}(8k+2) be the (8k+2)-components of
Q1(τ), Q2(τ) respectively. Applying the transformation laws (2.13)-(2.17) to P1(τ)
and P2(τ), we find P1(τ) is a modular form of weight 4k+2 over Γ0(2); while P2(τ)
is a modular form of weight 4k + 2 over Γ0(2). Moreover, the following identity
holds,
(3.12) P1(−1/τ) = 24k+2P2(τ).
Observe that at any point x ∈ M , up to the volume from determined by the
metric on TxM , both Pi(τ), i = 1, 2, can be viewed as a power series of q
1/2 with
real Fourier coefficients. Thus, one can apply Lemma 2.1 to P2(τ) to get, at x, that
(3.13) P2(τ) = h0(8δ2)
2k+1 + h0(8δ2)
2k−1ε2 + · · ·+ hk(8δ2)εk2 ,
where each hr, 0 ≤ r ≤ k, is a (canonically) finite integral linear combination of
the forms{
Â(TB,∇TB)ch
(
Bj(TCB +NC,C
2)
)− cosh ( e2) ch (Bj(TCB +NC, NC))
2 sinh( e2 )
}(8k+2)
,
0 ≤ j ≤ r.
By (2.23) and (3.12), we have
P1(τ) =2
4k+2 1
τ4k+2
P2(−1/τ)
=24k+2
1
τ4k+2
[
h0
(
8δ2(−1/τ)
)2k+1
+ h1
(
8δ2(−1/τ)
)2k−1
ε2(−1/τ) + · · ·
+ hk
(
8δ2(−1/τ)
)(
ε2(−1/τ)
)k]
=24k+2
[
h0(8δ1)
2k+1 + h1(8δ1)
2k−1ε1 + · · ·+ hk(8δ1)εk1
]
.
(3.14)
By (2.21) and (3.4) and by setting q = 0 in (3.14), we have
(3.15)
{
L̂(TB,∇TB)cosh
(
e
2
)
sinh
(
e
2
) (1− 1
cosh2( e2 )
)}(8k+2)
= 26k+3
k∑
r=0
2−6rhr.
Therefore,
(3.16)
{
L̂(TB,∇TB) sinh
(
e
2
)
cosh
(
e
2
)}(8k+2) = 8 k∑
r=0
26k−6rhr.
We also need to show that each hr, 0 ≤ r ≤ k, can be expressed through a
canonical integral linear combination of
(3.17)
{
Â(TB,∇TB) 1
2 sinh
(
e
2
) (ch (Bj(TCB +NC,C2))
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− cosh
(e
2
)
ch (Bj(TCB +NC, NC))
)}(8k+2)
,
0 ≤ j ≤ r, with coefficients not depending on x ∈ M . As in [10], one can use
the induction method to prove this fact easily by comparing the coefficients of
qj/2, j ≥ 0, between the two sides of (3.13). For the consideration of the volumn of
this paper, we do not give details here but only write down the explicit expressions
for h0 and h1 as follows.
(3.18) h0 = −
{
Â(TB,∇TB) 1
2 sinh( e2 )
(
1− cosh(e
2
)
)}(8k+2)
,
(3.19) h1 = −
{
Â(TB,∇TB) 1
2 sinh
(
e
2
)[ch (B1(TCB +NC,C2))
− cosh
(e
2
)
ch (B1(TCB +NC, NC))− 24(2k + 1)
(
1− cosh
(e
2
))]}(8k+2)
.
In a summary, we get
(3.20)
{
L̂(TB,∇TB) sinh
(
e
2
)
cosh
(
e
2
)}(8k+2) = 8 k∑
r=0
26k−6rhr,
where each hr, 0 ≤ r ≤ k, is a canonical integral linear combination of the charac-
teristic forms{
Â(TB,∇TB)ch
(
Bj(TCB +NC,C
2)
)− cosh ( e2) ch (Bj(TCB +NC, NC))
2 sinh
(
e
2
) }(8k+2) ,
0 ≤ j ≤ r.
Since both hr’s and br’s are canonically determined by induction, one easily finds
that, hr =
{
Â(TB,∇TB) ch(br(TCB+NC,C
2))−cosh( e2 )ch(br(TCB+NC,NC))
2 sinh( e2 )
}(8k+2)
. 
Remark 3.1. It’s not hard to see that each
Â(TB,∇TB)ch
(
Bj(TCB +NC,C
2)
)− cosh ( e2) ch (Bj(TCB +NC, NC))
2 sinh
(
e
2
)
makes sense as a differential form.
For (8k + 6)-dimensional manifolds, we have an analogue of Theorem 3.1. Let
B be an (8k+6)-dimensional smooth oriented Riemannian manifold and all of the
notations in the following theorem make the same senses as above. Then we can
prove verbatim to get
Theorem 3.2. The following cancellation formula holds:{
L̂(TB,∇TB) sinh
(
e
2
)
cosh
(
e
2
)}(8k+6) = 64 k∑
r=0
26k−6rhr,
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where each hr, 0 ≤ r ≤ k, is a canonical integral linear combination of the charac-
teristic forms{
Â(TB,∇TB)ch
(
Bj(TCB +NC,C
2)
)− cosh ( e2) ch (Bj(TCB +NC, NC))
2 sinh
(
e
2
) }(8k+6) ,
0 ≤ j ≤ r. Actually, hr is just{
Â(TB,∇TB)ch
(
br(TCB +NC,C
2)
)− cosh ( e2) ch (br(TCB +NC, NC))
2 sinh
(
e
2
) }(8k+6) .
3.2. A general type of cancellation formulas for even dimensional Rie-
mannian manifolds. In this subsection, let’s continue to discuss a general type
of cancellation formulas. Let B be an 2d-dimensional smooth oriented Riemannian
manifold, m be a non-negative integer andN be a complex line bundle on B. Define
(3.21) Θ′1(TCB,m,NC) =
∞⊗
n=1
Sqn(T˜CB −mN˜C)⊗
∞⊗
m=1
Λqm(T˜CB −mN˜C),
(3.22) Θ′2(TCB,m,NC) =
∞⊗
n=1
Sqn(T˜CB −mN˜C)⊗
∞⊗
s=1
Λ−qs−
1
2
(T˜CB −mN˜C),
and assume they admit Fourier expansion in the following:
(3.23) Θ′1(TCB,m,NC) = A
′
0(TCB,m,NC) +A
′
1(TCB,m,NC)q
1/2 + · · · ,
(3.24) Θ′2(TCB,m,NC) = B
′
0(TCB,m,NC) +B
′
1(TCB,m,NC)q
1/2 + · · · ,
Set
(3.25) Q′1(τ) = L̂(TB,∇TB)
sinh2n+
1−(−1)d
2
(
e
2
)
cosh2n+
1−(−1)d
2
(
e
2
)ch(Θ′1(TCB, 2n+1− (−1)d2 , NC)),
(3.26)
Q′2(τ) = Â(TB,∇TB) sinh2n+
1−(−1)d
2
(e
2
)
ch(Θ′2(TCB, 2n+
1− (−1)d
2
, NC)),
where n is a nonnegative integer and satisfy d−
(
2n+ 1−(−1)
d
2
)
> 0.
By similar computations as those in the proof of Theorem 3.1, we have
Q′1(τ) =2
d
 d∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ1(xj , τ)
θ1(0, τ)

·
(
θ(u, τ)
θ′(0, τ)
)2n+ 1−(−1)d2 ( θ1(0, τ)
θ1(u, τ)
)2n+ 1−(−1)d2
,
(3.27)
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Q′2(τ) =
 d∏
j=1
xj
θ′(0, τ)
θ(xj , τ)
θ2(xj , τ)
θ2(0, τ)

·
(
θ(u, τ)
θ′(0, τ)
)2n+ 1−(−1)d2 ( θ2(0, τ)
θ2(u, τ)
)2n+ 1−(−1)d2
.
(3.28)
Let P ′1(τ) = {Q′1(τ)}(2d), P ′2(τ) = {Q′2(τ)}(2d) be the (2d)-components ofQ′1(τ), Q′2(τ)
respectively. P ′1(τ) is a modular form of weight d−
(
2n+ 1−(−1)
d
2
)
over Γ0(2) and
P ′2(τ) is a modular form of weight d−
(
2n+ 1−(−1)
d
2
)
over Γ0(2). Playing the same
game as in the proof of Theorem 3.1, we obtain
Theorem 3.3. The following identity holds,
1
2
3d
2 −
1−(−1)d
4 −n
L̂(TB,∇TB) sinh2n+
1−(−1)d
2
(
e
2
)
cosh2n+
1−(−1)d
2 ( e2 )

(2d)
=
m∑
r=0
2−6r
{
dr(B, 2n+
1− (−1)d
2
, N) sinh2n+
1−(−1)d
2
(e
2
)}(2d)
,
(3.29)
where each dr(B, 2n+
1−(−1)d
2 , N), 0 ≤ r ≤ k, is a finite and canonical linear com-
bination of characteristic forms Â(TB,∇TB)ch
(
B′i(TCB, 2n+
1−(−1)d
2 , NC)
)
, 0 ≤
i ≤ r and m =
[
d−2n− 1−(−1)
d
2
4
]
.
Remark 3.2. The condition d −
(
2n+ 1−(−1)
d
2
)
> 0 is put to make Theorem
3.3 nontrivial. If d −
(
2n+ 1−(−1)
d
2
)
= 0, then both sides are e
2d
2
3d
2
− 1−(−1)
d
4
−n
. If
d−
(
2n+ 1−(−1)
d
2
)
< 0, then both sides of Theorem 3.3 are zeros since sinh is an
odd function and the degrees of the top components of both sides are greater than
2d.
Remark 3.3. When n = 0 and 1−(−1)
d
2 = 1, i.e. d = 4a+1 or 4a+3, the integral
of the left hand side of Theorem 3.3 against the fundamental class of B is, up to a
constant, the signature of a submanifold of B which is the smooth zero locus of a
generic section of the bundle N . Thus when B is a spinc manifold and N is dual
to w2(B), Theorem 3.3 shows that the signature of the smooth submanifolds of B
dual to e(N) can be given by indexes of Dirac operators on the spinc manifold B.
Putting d = 4k + 2 and n = 0 in Theorem 3.3, we get
Corollary 3.1. The following cancellation formula holds,{
L̂(TM,∇TM )
}(8k+4)
= 8
k∑
j=0
26k−6j
{
Â(TM,∇TM )chbj
}(8k+4)
,
where the bj’s are elements in KO(M)⊗ C.
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This is just Liu’s original cancellation formula [10]. So Theorem 3.3 is a gener-
alization of Liu’s cancellation formula to all even dimensional oriented Riemannian
manifolds with a complex line bundle involved. In particular, when d = 6, n = 0,
we get the Alvarez-Gaume´-Witten miraculous cancellation formula (1.1).
Looking at Theorem 3.3, let’s get some interesting cancellation formulas for
special d and n. Putting d = 6 and n = 1, i.e. for 12-dimensional manifold M , we
have
Corollary 3.2. The following formula holds,
(3.30)
{
L̂(TM,∇TM ) sinh
2
(
c
2
)
cosh2
(
c
2
)}(12) = {[−4Â(TM,∇TM )ch(T
C
M,∇TCM )
+112Â(TM,∇TM ) + 8 Â(TM,∇TM ) (ec + e−c − 2)] sinh2 ( c
2
)}(12)
.
Putting d = 6 and n = 2, i.e. for 12-dimensional manifold M , we have
Corollary 3.3. The following formula holds,
(3.31)
{
L̂(TM,∇TM ) sinh
4
(
c
2
)
cosh4
(
c
2
)}(12) = −128{Â(TM,∇TM ) sinh4 ( c
2
)}(12)
.
Corollary 3.2 and 3.3 are both analogous to the Alvarez-Gaume´-Witten original
miraculous cancellation formula (1.1) with a complex line bundle involved.
Putting d = 5 and n = 0, i.e. for 10-dimensional manifold M , we have
Corollary 3.4. The following formula holds,
(3.32)
{
L̂(TM,∇TM ) sinh
(
c
2
)
cosh
(
c
2
)}(10) = {[−2Â(TM,∇TM )ch(T
C
M,∇TCM )
+52Â(TM,∇TM ) + 2 Â(TM,∇TM ) (ec + e−c − 2)] sinh( c
2
)}(10)
.
Putting d = 5 and n = 1, i.e. for 10-dimensional manifold M , we have
Corollary 3.5. The following formula holds,
(3.33)
{
L̂(TM,∇TM ) sinh
3
(
c
2
)
cosh3
(
c
2
)}(10) = −64{Â(TM,∇TM ) sinh3 ( c
2
)}(10)
.
4. Relations among the cancellation formulas
In this section, by applying the method of integration along the fibre, we show
some relations on the level of characteristic numbers among cancellation formulas
obtained in [10], [7] and §3 of this article.
First let’s get (3.1) from Theorem 2.1 by integration along the fibre. Let u ∈
H2cv(N), the second compact vertical supports cohmology of N , be the Thom class
of the bundle (N, pi,B) with fibre L. By the Thom isomorphism theorem, we have
the following identity of cohomology classes in H∗(B),[∫
L
u2i
]
=
[
e2i−1
]
, i = 1, 2, · · · .
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By integration along the fibre, on the one hand, we have∫
N
L̂(TN)
(
1− 1
cosh2
(
u
2
))
=
∫
B
L̂(TB)
∫
L
u
sinh
(
u
2
) cosh(u
2
) sinh2 (u2 )
cosh2
(
u
2
)
=
∫
B
L̂(TB)
sinh
(
e
2
)
cosh
(
e
2
)
(4.1)
and on the other hand, ∀0 ≤ r ≤ k, we have∫
N
Â(TN)
(
ch
(
br(TCN,C
2)
)− cosh(u
2
)
ch (br(TCN, ξC))
)
=
∫
B
Â(TB)
∫
L
sinh
(
u
2
)
cosh
(
u
2
) {ch (br (TCN,C2))− cosh(u
2
)
ch (br (TCN, ξC))
}
=
∫
B
Â(TB)
ch
(
br(TCB +NC,C
2)
)− cosh ( e2) ch (br(TCB +NC, NC))
2 sinh
(
e
2
) .
(4.2)
Then by Theorem 2.1, Corollaries 2.1, Corollary 2.2 and (4.1), (4.2), we obtain
1
8
∫
B
L̂(TB)
sinh
(
e
2
)
cosh
(
e
2
)
=
k∑
r=0
26k−6r
∫
B
Â(TB)
ch
(
br(TCB +NC,C
2)
)− cosh ( e2) ch (br(TCB +NC, NC))
2 sinh
(
e
2
) .
Remark 4.1. one can also obtain the characteristic number version of Theorem
3.2 from an 8k-analogue of Theorem 2.1 stated in [7, Theorem A.1] by integration
along the fibre as above.
Next let’s say something about the relations among formulas in Theorem 3.3 for
different d and n.
Let u ∈ H2cv(N), the second compact vertical supports cohmology of N , be
the Thom class of the bundle (N, pi,B) with fibre L. By the Thom isomorphism
theorem, we have the following identity of cohomology classes in H∗(B),[∫
L
u2i
]
=
[
e2i−1
]
, i = 1, 2, · · · .
Let M be an (8k + 4)-dimensional closed oriented Riemannian manifold and
(E, pi,M) be a complex line bundle on M with fibre L. Let u ∈ H2cv(E) be the
Thom class of this bundle. Then from Theorem 3.3 in the case d = 4k + 3 and
n = 0, one has
{
L̂(TE,∇TE) sinh
(
u
2
)
cosh(u2 )
}(8k+6)
= 16
k∑
r=0
26k−6r
{
dr(E, 1, pi
∗E) sinh
(u
2
)}(8k+6)
,
where each dr(E, 1, pi
∗E), 0 ≤ r ≤ k, is a finite and canonical linear combination of
characteristic forms Â(TE,∇TE)ch (B′i(TCE, 1, (pi∗E)C)) , 0 ≤ i ≤ r. Performing
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integration along the fibre, we have∫
E
L̂(TE)
sinh
(
u
2
)
cosh(u2 )
=
∫
M
L̂(TM)
∫
L
u
tanh
(
u
2
) sinh (u2 )
cosh(u2 )
=
∫
M
L̂(TM)
and ∫
E
Â(TE)ch ((B′i(TCE, 1, (pi
∗E)
C
))) sinh
(u
2
)
=
∫
M
Â(TM)
∫
L
u
2
sinh
(
u
2
)ch ((B′i(TCE, 1, (pi∗E)C)) sinh(u2)
=
1
2
∫
M
Â(TM)ch ((B′i(TCM, 0, EC)) .
Hence we obtain∫
M
L̂(TM) = 8
k∑
j=0
26k−6j
∫
M
Â(TM)chdj(M, 0, E),
which is just the characteristic number version of the case of d = 4k+ 2 and n = 0
in Theorem 3.3.
More generally, with the same pattern, we can apply integration along the fibre to
get the formula in the case of (d, n) from the formula in the case of (d+1, n+ 1−(−1)
d
2 )
on the level of characteristic numbers. This phenomena looks very interesting since
it beautifully relates different cancellation formulas in Theorem 3.3 which are all
products of modular invariance.
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